For the first time, the running of the running of the spectral index β s has been measured by Planck. This parameter is crucial for dark matter Primordial Black Holes (PBHs) formation. We study the PBHs formation in inflation potentials with superimposed periodic oscillations. We show that the value of β s suggested by the recent cosmic microwave background data is easily explained in these models. As a by-product, we also show that the nonproduction of (long-lived) PBHs puts a stronger upper bound on β s . * eerfani@ipm.ir 1 arXiv:1311.3090v2 [astro-ph.CO]
Introduction 2 Constraints on inflation parameters
Within the slow-roll approximation any inflation model can be described by three independent parameters: the normalization of the curvature perturbation spectrum P Rc , the tensor-to-scalar ratio r, and the spectral index n s . If we wish to include higher-order effects, we have the forth and fifth parameters describing the running α s and the running of running of the spectral index β s , which has been measured for the first time by Planck [3] .
The power spectrum of the curvature perturbations is given by
where φ is the inflaton field and V is its potential, and dot and prime denote the derivative with respect to the cosmic time and φ, respectively. The power spectrum should be estimated at the time of horizon exit k = aH, and this normalization is quoted at the pivot scale k 0 = 0.05 Mpc −1 , 1 where 10 9 P Rc (k 0 ) = 2.198 ± 0.056 for Planck+WP 2 +highL 3 data set 4 [3] . On the other hand, the simplest assumption for the power spectrum is a scale-free power law
where n s (k) is the spectral index of the comoving curvature perturbation. However, if the initial perturbations are produced by inflation, then the power spectrum is not an exact powerlaw over all scales. Therefore, it is convenient to expand the spectral index n s as [17] n s (k) = n s (k 0 ) + 1 2! α s (k 0 ) ln
As we already mentioned, the parameters α s and β s denote the running of the spectral index n s and the running of the running, respectively,
4)
5)
In the first order of slow-roll approximation, we can write the above parameters as follows [17, 18] : where
are the slow-roll parameters.
Another crucial parameter in inflationary models is the influence of gravitational waves relative to density perturbations, which is given by [4] r ≡ C 2 (grav)
The next step is to relate a value of φ to a comoving wave number k that crosses the horizon at that value of φ. To do so, we note that the number of e-foldings of inflation between a time t and the end of inflation is 9) which measures the amount of inflation that still has to occur after time t, with N decreasing to 0 at the end of inflation. The expression for N can be written as [3] N 71. 21 where ρ end is the energy density at the end of inflation, ρ reh is a reheating energy scale after inflation, a 0 H 0 is the present horizon scale, V hor is the potential energy when the present horizon scale left the horizon during inflation, and w int characterizes the equation of state between the end of inflation and the reheating energy scale.
In the above equation, the first two terms are model independent, and if reheating happens rapidly, the magnitude of the last term is < ∼ 1. For most inflationary models, the third term ∼ −10 and the fourth term is O(1) leading to the commonly assumed range 50 < N < 60. We will consider the averaged value, therefore,
Now let us review the observational bounds on inflation parameters at the pivot scale of Planck data, k 0 = 0.05 Mpc −1 . With Planck, a robust detection of the deviation (∼ 6σ) from scale invariance has been found with the base ΛCDM model [2] n s = 0.959 ± 0.007 (68 %; Planck + WP + highL) .
(2.12)
If we allow a possible running of the spectral index [the parameter α s defined in eq. (2.5)], the Planck data give [3] n s = 0.9548 ± 0.0073 (68 %; Planck + WP + highL) , α s = −0.0149 ± 0.0085 (68 %; Planck + WP + highL) .
(2.13)
The constraints are broadly similar if tensor fluctuations are allowed in addition to a running of the spectrum [3] : n s = 0.9570 ± 0.0075 (68 %; Planck + WP + highL) , α s = −0.022
(68 %; Planck + WP + highL) , r < 0.23 (68 %; Planck + WP + highL) .
(2.14)
It is worth mentioning that by adding other cosmological data, the marginalized posterior distributions for α s give [2] From eqs. (2.13)-(2.16) it is clear that when relaxing the assumption of a power-law spectrum, Planck data prefer a fairly large negative running for the scalar spectral index alone and in combination with other astrophysical data sets. But interestingly, when β s is allowed in the fit [(2.17 ) data], the value for the running α s is consistent with zero. If primordial, negative values for dn s /d ln k of order 10 −2 would be interesting for the physics of inflation. However, as already mentioned, a large negative running of the spectral index of O(10 −2 ) would make it difficult to support the N ≈ 50 e-foldings required from inflation [12] , but this holds only without nonzero derivatives higher than the third order in the inflationary potential. Designing inflationary models that predict a negative running with an acceptable n s and number of e-folds is not impossible. This occurs, for instance, in the axion monodromy model [19] , the inflaton potential with a steplike feature [20] or multiple inflation [21] . Another model which we will study in the next section is the inflationary potential with superimposed modulated oscillations [13] .
One of the important features of the Planck data set is that it hints at a significant "running" in the running of the spectral index, and as studied in detail in Refs. [9, 10] , this parameter is crucial for DM PBHs formation.
In the following section, we briefly review the PBHs formation in inflationary models and find that the nonproduction of (long-lived) PBHs puts a stronger upper bound on β s .
Primordial black holes
PBHs are black holes that could be formed by many different mechanisms during the very early universe, e.g., from initial density inhomogeneities [22] , a softening of the equation of state [23] , collapse of cosmic string loops [24] , bubble collisions [25] , collapse of domain walls [26] , etc. They are an important tool in cosmology to probe the primordial spectrum of small scale curvature perturbations that reenter the cosmological horizon during the radiation-dominated era after inflation. On the other hand, the PBHs with mass larger than 10 15 g, which survive the Hawking radiation [6] till present time, could be candidates for dark matter.
The traditional treatment of PBH formation is based on the Press-Schechter formalism [27] used widely in large scale structure studies. In Ref. [9] , this mechanism has been studied in detail for the formation of PBHs in the radiation-dominated era just after inflation. There, we found that for the formation of PBHs [with mass larger than 10 15 g, which could form (part of) the cold dark matter in the Universe] from density perturbations with a power-law spectrum, the spectral index at scale of PBHs formation (k PBH )
5 should be at least 1.37. 6 Therefore, DM PBHs formation can only happen if the spectral index increases significantly between the scales probed by CMB (or other cosmological observations) and the relevant scales for DM PBHs. With n s (k PBH ) 1.37, the power spectrum at the scale of DM PBHs formation should be P Rc (k PBH ) 10 −3 , which is ∼ 10 6 times higher than the value of the power spectrum in the observed CMB scales. According to the observational data, the spectral index at the pivot scale has red tilt and its first derivative α s is negative; therefore, for PBHs formation, the positive value of the second derivative of the spectral index β s at the pivot scale of the observational data is required. However, this is a necessary but not a sufficient condition, since for PBHs formation, the power spectrum should increase (i.e., it should reach ∼ 10 −3 ) at scales relevant for DM PBHs formation. If we consider the observational results where the running of the running of the spectral index is not considered in the fit, i.e., eq. (2.13) data and we set α s equal to its central value α s (k 0 ) = −0.0149, eq. (2.3) shows that in order not to generate large density perturbations for DM PBHs formation, we only need
Even if we consider the eq. (2.17) data, we only need
These results are one order of magnitude smaller than the central value of β s reported by Planck+WP+highL data set. Hence, the nonproduction of DM PBHs puts a stronger upper bound on the running of the running of the spectral index.
In the next section, after explaining the idea of inflationary model with superimposed modulated term, we study several models in this concept and check whether these models can accommodate the values of inflation parameters (i.e., P Rc , n s , α s , and β s ), as indicated by current data. As a by-product, we also check whether they can lead to long-lived PBHs formation. 5 The relevant scale for the formation of 10 15 g PBHs is k PBH 10 15 Mpc −1 [9] . 6 It is worth mentioning that this value is completely independent of any inflationary model, and the only assumption is that the density perturbations are originated from the slow-roll phase of inflation.
Inflation Models
In this section, we first explain the idea of inflation potential with an additional superimposed periodic term, and then we study the (linear and quadratic) chaotic inflaton potentials, inflection point, and hilltop inflationary models in this concept. We focus on these models because they have been studied in Ref. [10] after WMAP seven-years data [28] in the case of PBHs formation. We recheck whether these models with a new additional modulated term can lead to the formation of DM PBHs after the recent CMB data. It is worth mentioning that some of these models are not consistent with Planck data (for a review on preferred inflationay models after Planck data, see Ref. [29] ). However, as we will show, when a modulated term is added, these models will be consistent with the recent data.
Idea
We consider an inflaton potential V (φ) with an additional modulated term, and we decompose the potential as [13] V
where the first term is a smooth potential and the second term represents the modulation. An important assumption is that the overall inflation dynamics (such as the Hubble parameter and the inflaton velocity) should not be altered by the modulation; this means that the effect of the modulation V mod (and its derivatives) on the inflaton dynamics is sufficiently small when averaged over a sufficiently long time or large field space, i.e.,
We also suppose that the slow-roll approximations
are valid (where H is the Hubble parameter). In order for the running (and the running of the running) of the spectral index to be large enough such that the spectral tilt (and its running) switches between red and blue within the observed CMB scales, we further require
To be explicit, we are considering a hierarchy
Note that these conditions are only required during inflation and need not hold along the whole inflaton potential. An important assumption here is that the amplitude of the modulation term V mod (φ) on the inflaton dynamics is sufficiently small when averaged over a sufficiently long time or large field space; therefore, the inflaton does not get stuck in one of the local minima introduced in the potential by the oscillations. One example for such modulations is a sine function, and we will see that the above conditions can be satisfied in this case.
In the presence of the modulated term, the spectral index, its running, and its running of running are easily modified by the modulation, while not affecting the overall inflaton dynamics and can be estimated as follows:
, where slow-roll parameters with the subscript "0" are contributions from the smooth potential V 0 . Note that in the above expressions, we have kept contributions from the smooth potential and also the leading oscillatory terms due to the modulation V mod by using the hierarchy (4.8);
i.e., in eq. (4.9), the η 0 and V mod /V 0 terms are dominant, in eq. (4.10), the 2ξ In the case of the power spectrum of curvature perturbations (2.1), sinceφ is determined by V [see eq. (4.4)], the main contribution also comes from the V 0 , and the V mod causes only small oscillations on the power spectrum, as we will see below for several inflationary models.
In the following, we consider explicit inflationary models with superimposed oscillatory term, and we check the consistency of these models with recent observational data. We also study the possibility of (long-lived) PBHs formation in these models.
Power-law (Chaotic) Inflation
The simplest class of inflationary models is characterized by a power-law potential of the form [30] 
where ρ and µ are constants, and p is an integer. This class of potentials includes the simplest chaotic models, in which inflation starts from large values for the inflaton, φ > M P . Inflation ends by violation of the slow-roll regime, and we assume this occurs at = 1. A linear potential with p = 1 [19] 7 has η = 0 and lies within the 95% C.L. region in the n s − r plane for the Planck+WP+highL data [3] . Inflation with p = 2/3 [31] lies on the boundary of the joint 95% C.L. region. The model with a quadratic potential p = 2 [30] lies outside the joint 95% C.L. for N <
∼ 60 e-folds. The p = 4 model lies well outside of the joint 99.7% C.L. region in the n s − r plane after the Planck data [3] .
With superimposed periodic oscillation, we rewrite the potential as follows:
where Λ, f and θ are constants and λ ≡ ρ 4 /µ p . We assume that the period of oscillation f is sub-Planckian, i.e., f < 1. We also require that one oscillation period corresponds to the time duration when the observed scales exited the horizon.
Assuming that the slow-roll approximations (4.4) are valid, the inflation parameters can be estimated as follows 8 : 14) and the spectrum of the curvature perturbation is given by
which should be estimated when the scales leave the horizon. In this model, we also assume that Λ 4 /(pλ f φ p−1 ) < 1, which guarantees that during inflation the inflaton field is not trapped by the modulations.
In the final expressions (4.14) and (4.15), we have only kept the leading oscillatory terms. It is clear that the spectral index, its running, and its running of running oscillate with growing oscillation amplitudes as inflation proceeds and the inflaton field becomes smaller. Note also that the power of f appearing in eq. (4.14) are larger than that of eq. (4.15), and that is why the spectral index and its derivatives can be significantly modified without affecting the power spectrum too much. Now we set the parameters of the potential such that the observable parameters satisfy the bounds from Planck+WP+highL data as reported in eq. (2.17), as well as the value of the power spectrum at the pivot scale of Planck. We study the linear p = 1 and the quadratic p = 2 potentials. The results for the parameters are in Table 1 , where φ 0 is the value of the inflaton field when leaves the Planck pivot scale.
In Figure 1 , we show the inflation parameters (i.e., n s , α s , and β s ) with respect to the number of e-folds -when observable scales leave the horizon -in linear (left plot) and quadratic (right plot) potentials. Note that the observable scales correspond to about eight e-folds of inflation, i.e., 47 ≤ N ≤ 55. It is clear that due to the modulated term, these parameters have oscillatory behavior, and as we mentioned before, one period of their oscillation corresponds to the time duration (i.e., number of e-folds) when the observed scales leave the horizon.
In Figure 2 , we plot oscillating trajectories in the n s − α s plane for the linear (p = 1) and the quadratic (p = 2) potentials with modulation and the varying running and its running (i.e., Table 1 : Parameter values of the linear (p = 1) and the quadratic (p = 2) potentials. α s − β s plane) are shown in Figure 3 . 9 Note that the marginalized joint 68% and 95% C.L. regions in the n s − α s plane (right plot of Figure 2 ) are without considering the β s parameter in data, i.e., n s + α s model without tensor modes, eq. (2.13) data (blue contours), and n s + α s model with tensor modes, eq. (2.14) data (red contours).
From Figure 3 , it is clear that the value of the β s at the pivot scale (black points in Figure 3 ) is positive; therefore, we study the possibility of DM PBHs in these models. With the parameter sets in Table 1 and eq. (2.3), one can easily calculate the value of the spectral index at the scale of DM PBHs formation in the chaotic inflationary model. The results are as follows:
It is clear that in the p = 1 and p = 2 chaotic models, the value of the spectral index at the scale of DM PBHs is larger than 1.37; therefore, PBHs can form in these models. 9 In the Planck paper, [3] the marginalized joint 68% and 95% C.L. regions in the α s − β s plane have shown only for Planck+WP+BAO data. According to Table 5 of Ref. [3] , the inflation parameters in this data set are as follows: .17), and the curves start from 70 e-folds before the end of inflation (end point of innermost orbits) up to 30 e-folds before the end of inflation. Black points correspond to the pivot scale (about 50 e-folds before the end of inflation). The scale which exited the horizon 15 e-folds before (after) the pivot scale is indicated by red (blue) points. In the right figure, the superimposed contours are (68% and 95% C.L.) constraints from Planck+WP+highL data [2] with running (blue) and additionally with tensors (red).
The above results can also be seen by directly computing the power spectrum at the scale of ehe DM PBHs formation. With the parameter sets in Table 1 , we numerically solve the equation of motion of the inflaton field and the Friedmann equation [eq. (4.4)] for linear and quadratic potentials and compute the power spectrum (2.1), which are shown in figures 4 and 5, respectively. In the following figures, the blue solid curves and black solid lines are the power spectrum with and without the modulated term, respectively. For comparison, we also plotted the power spectrum by including the running α s (dashed blue curves) and the running of the running β s (dotted blue curves). One can clearly see the oscillatory features in the power spectrum.
Note that the Planck+WP+highL observations probe scales from k H 0 ∼ 2.22 × 10
down to ∼ 1.12 Mpc −1 , and from the left plots, it is clear that within this range these curves are almost degenerate. The difference become evident only at small scales k > ∼ 10 Mpc −1 . To clarify this point further, we also plotted the power spectrum in a wider range [i.e., the range of the CMB observation and DM PBHs formation (∼ 10 15 Mpc −1 )]. From the right plots, it is clear that if we only consider the running of the spectral index (dashed blue curves), the power spectrum can not reach ∼ 10 −3 , which is the relevant value for DM PBHs formation. However, when the running of the running is included (dotted blue curves), the power spectrum can increase significantly at small scales (i.e., large wave numbers), and in p = 1 and p = 2, chaotic models can reach the required value for DM PBHs formation. Black points correspond to the pivot scale (about 50 e-folds before the end of inflation). The scale which exited the horizon 15 e-folds before (after) the pivot scale is indicated by red (blue) points. The superimposed contour is marginalized joint 68% and 95% C.L. regions using Planck+WP+BAO data [3] . 
Hilltop/inflection point Inflation
In another interesting class of potentials, the inflaton rolls away from an unstable equilibrium as in the first new inflationary models [5, 33, 34] . The potential is given by
where λ, µ, and p are positive constants. 10 This potential is equivalent to the potential V (φ) = [35] , which can be specialized to several distinct models, e.g., hilltop (p = 2 or p = 4) and inflection point (p = 3). When p is an integer greater than 2, such a potential may be generated by the self-coupling of the inflaton at tree level. This model has been studied in detail for DM PBHs in Ref. [10] . The potential with an exponent of p = 2 is in agreement with Planck+WP+BAO joint 95% C.L. contours for super-Planckian values of µ, i.e., µ > ∼ 9M P [3] . The inflection point potential with p = 3 lies outside the joint 95% C.L. region for Planck+WP+BAO data; the case with p = 4 is also in tension with Planck+WP+BAO but allowed within the joint 95% C.L. region for N > ∼ 50 [3] . Adding a modulation term we have the following potential:
where Λ, f, and θ are constants. We consider the case that the dominant term is the leading one, λ 4 . For p > 0, the hierarchies hold among slow-roll parameters if φ µ, so the spectral parameters are given by
In the case at hand, the power spectrum is as follows:
Here we study the inflection point p = 3 and the hilltop p = 4 potentials and we set the parameters of the models in Table 2 Table 2 : Parameter values of the inflection point p = 3 and the hilltop p = 4 potentials where φ 0 is the value of the inflaton field when it leaves the Planck pivot scale.
The oscillatory behavior of observable parameters (i.e., n s , α s , and β s ) with respect to the number of e-folds is shown in Figure 6 .
Since we are interested in the running of the running of the spectral index, we plot oscillating trajectories in the α s − β s plane for p = 3 and p = 4 potentials with modulation in Figure 7 . It is clear that in these inflationary models, the value of the α s and its running are in the 2 σ range of the Planck+WP+BAO data, and the value of β s is positive, which is necessary for DM PBHs formation. Normalized at the pivot scale, one sees that although the p = 3 inflection point potential was in tension with Planck+WP+BAO data, by adding the modulated term, this model is consistent with the data. Although the β s is positive in these models, as mentioned before, this condition is not sufficient for DM PBHs formation. To clarify this point further, by the parameter sets in Table 2 , we calculate the value of the spectral index at the scale relevant for (long-lived) PBHs formation. The results are as follows: It is clear that in the p = 4 hilltop model, the value of the spectral index at the DM PBHs scale is larger than 1.37; therefore, PBHs can form in this model. However, although in the p = 3 inflection point model, the running of the running of the spectral index β s is positive, the DM PBHs cannot form in this case. Therefore, the positive value of β s is only the necessary condition for DM PBHs formation, and for their formation, the power spectrum should reach ∼ 10 −3 at the relevant scales. These results can also be seen by computing the power spectrum in the CMB and the scale of DM PBHs formation range.
As the previous model, we compute the power spectrum by solving numerically the inflaton equation of motion and the Friedmann equation. The results are shown in figures 8 and 9 for the inflection point and hilltop models, respectively. Note that in the p = 3 modulated inflection point inflation model, since the modulations are too small the modulated (blue solid curve) and nonmodulated (black solid line) power spectra are not distinguishable in Figure 8 . From the right plot of Figure 8 , it is clear that in this model, even by including the running of the running of the spectral index (dotted blue curve), the power spectrum cannot reach the required value of O(10 −3 ) at the scale of 10 15 g PBHs formation, i.e., k PBH 10 15 Mpc −1 . Hence, the long-lived PBHs cannot form in the modulated inflection point inflation model. In Ref. [10] , the PBHs formation in the p = 4 hilltop inflation model without a modulated term has been studied. In this model without modulation, it was not possible to get the positive value of order 10 −3 for β s to form PBHs. However, as shown in Figure 7 , the modulated hilltop inflation model is still consistent with the recent observational data and even PBHs can form in this model (right plot of Figure 9 ).
Summary and Conclusions
In this paper, we studied the possibility of primordial black holes formation in the chaotic, inflection point and hilltop inflationary models with superimposed periodic modulations after Planck data by assuming the slow-roll approximations. Although quadratic (chaotic) inflation and inflection point inflationary models are in tension with Planck+WP+highL data (i.e., the spectral index lies outside the 95% C.L. region in the n s − r plane), when a modulated term is added, we have seen that these models are consistent with the recent data. We showed that the tension can be relaxed in these modified models, and the 2σ range of values of the inflation parameters, i.e., the spectral index n s , its first and second derivatives, α s and β s , respectively, can be realized. What differs from the previous studies using potentials without the modulated term is that the spectral index and its running are not localized, and change sign during the inflation. We focused on a case in which a sizable (positive) running of the running of the spectral index -which is crucial for dark matter PBHs formation -is generated due to the additional modulated term. In our analysis, we also assumed that the period of oscillations is large enough to encompass the observed scales by Planck+WP+highL data set. It was shown [9] that for the formation of PBHs with mass larger than 10 15 g that survive the Hawking radiation [6] and could be candidate for dark matter, the spectral index at scale of PBHs formation k PBH is about 1.37, which is completely independent of any inflationary model. This spectral index is much above the value measured at much larger length scales in the CMB. Therefore, PBH formation requires significant positive running of the spectral index when k is increased. We compared this with the values of the spectral index and its running derived from current data on large scale structure. These include analysis of CMB anisotropies from the Planck, WMAP nine-years polarization, and as well as data from ACT and SPT collaborations, i.e., Planck+WP+highL data set. At the pivot scale of this data set, one finds n s (k 0 ) = 0.959 as the central value. The first derivative α s (k 0 ) would then need to exceed 0.024 if it alone were responsible for the required increase of the spectral index; this is more than 4.5σ above the current central value of this quantity. Therefore, the positive value of the second derivative of the spectral index β s at the pivot scale of the observational data is required. However, this condition is a necessary but not a sufficient condition, since for PBHs formation, the power spectrum should reach ∼ 10 −3 at the relevant scales. Currently, the running of the running of the spectral index constrained by Planck. Our study showed that the nonproduction of DM PBHs put a stronger upper bound on the value of β s [see eqs. (3.1) and (3.2)].
In this paper, we have studied the possibility of periodic superimposed modulation to the (linear and quadratic) chaotic, inflection point (p = 3), and hilltop (p = 4) inflaton potentials. We showed that although in the inflection point model, the running of the running of the spectral index is positive, but since the power spectrum of the density perturbations cannot reach the required value in the relevant scale of PBHs formation, long-lived PBHs cannot form in this model. However, in the p = 1 and p = 2 chaotic and hilltop inflationary models, it is possible to form PBHs.
It is worth mentioning that due to the oscillation term in superimposed inflationary model, the spectral index n s , its running α s , and its running of running β s change sign. Such behavior results in distinct feature in the power spectrum of the curvature perturbations at small scales. Such characteristic behavior of the density perturbation may be seen by the future 21 cm observations [36] . The potential detection of such oscillatory feature in the power spectrum by future observations was studied in Ref. [37] , with the main focus on oscillations with (much) shorter period. In this work, we took the phenomenological approach where we explored the implications of a modulating term in inflationary models. It would be interesting to derive such a term from a fundamental theory. We leave this question for a future work.
